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INTERPOLATION AND EMBEDDINGS OF WEIGHTED TENT 

SPACES 

ALEX AMENTA 


Abstract. Given a metric measure space X, we consider a scale of function 
spaces called the weighted tent space scale. This is an extension of the 

tent space scale of Coifman, Meyer, and Stein. Under various geometric assump¬ 
tions on X we identify some associated interpolation spaces, in particular cer¬ 
tain real interpolation spaces. These are identified with a new scale of function 
spaces, which we call Z-spaces, that have recently appeared in the work of Bar¬ 
ton and Mayboroda on elliptic boundary value problems with boundary data in 
Besov spaces. We also prove Hardy-Littlewood-Sobolev-type embeddings between 
weighted tent spaces. 
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The tent spaces, denoted are a scale of function spaces first introduced by 
Coifman, Meyer, and Stein [9, 10] which have had many applications in harmonic 
analysis and partial differential equations. In some of these applications ‘weighted’ 
tent spaces have been used implicitly. These spaces, which we denote by Tf’'?, seem 
not to have been considered as forming a scale of function spaces in their own 
right until the work of Hofmann, Mayboroda, and McIntosh [15, §8.3], in which 
factorisation and complex interpolation theorems are obtained for these spaces. 
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In this article we further explore the weighted tent space scale. In the interests 
of generality, we consider weighted tent spaces associated with a metric 

measure space X, although our theorems are new even in the classical case where 
X = M” equipped with the Lebesgue measure. Under sufficient geometric assump¬ 
tions on X (ranging from the doubling condition to the assumption that X = M"'), 
we uncover two previously unknown novelties of the weighted tent space scale. 

First, we identify some real interpolation spaces between and whenever 
So 7 ^ Si . In Theorem 2.4 we prove that 

( 1 ) = 

for appropriately dehned parameters, where the scale of ‘Z-spaces’ is dehned in 
Dehnition 2.3. We require Po,Pi,q > 1 in this identihcation, but in Theorem 2.9 
we show that in the Euclidean setting the result holds for all Po,pi > 0 and q > 1. 
In the Euclidean setting, Z-spaces have appeared previously in the work of Barton 
and Mayboroda [4]. In their notation we have Zf’'^(M"’) = L{p,ns + ^,q)- Barton 
and Mayboroda show that these function spaces are useful in the study of elliptic 
boundary value problems with boundary data in Besov spaces. The connection with 
weighted tent spaces shown here is new. 

Second, we have continuous embeddings 

i^po,q ^ 'ppi,q 

so ^ Si 

whenever the parameters satisfy the relation 

1 1 

Si — So —-. 

Pi Po 

This is Theorem 2.19. Thus a kind of Hardy-Littlewood-Sobolev embedding the¬ 
orem holds for the weighted tent space scale, and by analogy we are justihed in 
referring to the parameter s in as a regularity parameter. 

We also identify complex interpolation spaces between weighted tent spaces in the 
Banach range. This result is already well-known in the Euclidean setting, and its 
proof does not involve any fundamentally new arguments, but we include it here for 
completeness. 

These results in this paper play a crucial role in recent work of the author and 
Pascal Auscher [2], in which we use weighted tent spaces and Z-spaces to construct 
abstract homogeneous Hardy-Sobolev and Besov spaces associated with elliptic dif¬ 
ferential operators with rough coefficients, extending the abstract Hardy space tech¬ 
niques initiated independently by Auscher, McIntosh, and Russ [3] and Hofmann 
and Mayboroda [14]. 

Notation. Given a measure space {X, p), we write L^{X) for the set of /i-measurable 
functions with values in the extended complex numbers C U {±cxo, ±zcxo}. As 
usual, by a ‘measurable function’, we actually mean an equivalence class of mea¬ 
surable functions which are equal except possibly on a set of measure zero. We 
will say that a function / G L^{X) is essentially supported in a subset E C X if 
p{xeX\E: f{x) 7 ^ 0} = 0. 

A quasi-Banach space is a complete quasi-normed vector space; see for example 
[18, §2] for further information. If R is a quasi-Banach space, we will write the 
quasi-norm of B as either IHI^ or ||- | B\\, according to typographical needs. 
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For 1 < p < oo, we let p' denote the Holder conjugate of p, which is dehned by 
the relation 



with 1/cxD := 0. For 0 < p,q < oo, we dehne the number 


again with 1/cxo := 0. This shorthand will be used often throughout this article. We 
will frequently use the the identities 

I ^q^v — ^PyV} 

^p,q — ^q',p') 

f/? ^oo,q ^q'A' 

As is now standard in harmonic analysis, we write a < 6 to mean that a < Cb for 
some unimportant constant C > 1 which will generally change from line to line. We 
also write a <ci,c 2 ,... b to mean that a < C{ci, C 2 , ■ ■ ■)b. 
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1. Preliminaries 

1.1. Metric measure spaces. A metric measure space is a triple where 

{X, d) is a nonempty metric space and /x is a Borel measure on X. For every x ^ X 
and r > 0, we write B{x,r) := {y E X : d{x,y) < r} for the ball of radius r, 
and we also write V{x,r) := fi{B{x,r)) for the volume of this ball. The generalised 
half-space associated with X is the set A+ := X x R.,., equipped with the product 
topology and the product measure dp{y) dt/t. 

We say that (X, d, p) is nondegenerate if 

(3) 0 <V (x, r) < oo for all x G X and r > 0. 

This immediately implies that the measure space (X, p) is cr-£nite, as X may be 
written as an increasing sequence of balls 

(4) X=ljR(xo,n) 

for any point xq G X. Nondegeneracy also implies that the metric space (X, d) 
is separable [7, Proposition 1.6]. To rule out pathological behaviour (which is not 
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particularly interesting from the viewpoint of tent spaces), we will always assume 
nondegeneracy. 

Generally we will need to make further geometric assumptions on In 

this article, the following two conditions will be used at various points. We say that 
{X, d, fi) is doubling if there exists a constant C >1 such that 

V{x,2r) < CV(x,r) for all {x,r) G X~^. 

A consequence of the doubling condition is that there exists a minimal number 
n > 0, called the doubling dimension of X, and a constant C >1 such that 

V{x,R) < C{R/rYV{x,r) 

for all x G X and 0 < r < i? < cx). 

For n > 0, we say that {X, d, p) is AD-regular of dimension n if there exists a 
constant C >1 such that 

(5) G-V < l/(a:,r) < Gr" 

for all X G X and all r < diam(X). One can show that AD-regularity (of some 
dimension) implies doubling. Note that if X is unbounded and AD-regular of di¬ 
mension n, then (5) holds for all x G X and all r > 0. 


1.2. Unweighted tent spaces. Throughout this section we suppose that (X, d,/i) 
is a nondegenerate metric measure space. We will not assume any further geometric 
conditions on X without explicit mention. All of the results here are known, at 
least in some form. We provide statements for ease of reference and some proofs for 
completeness. 

For X G X we dehne the cone with vertex x by 

F(x) := {{yR) G X+ : ?/ G 5(x,t)}, 
and for each ball B G X we dehne the tent with base B by 


T{B) := V+ \ U r(i') 

\x^B 

Equivalently, T{B) is the set of points {y,t) G X+ such that B{y,t) C B. From this 
characterisation it is clear that if {y,t) G T{B), then t < tb, where we dehne 

tb '■= sup{r > 0 : B{y,r) C B for some y G X}. 



Note that it is possible to have rB{y^t) > t- 

Fix q G (0, cxo) and a G M. For / G L°(X+), dehne functions and C^f on X 
by 


( 6 ) 

and 


( 7 ) 


A^f{x) 



\f{yA)V 


dy{y) dt 
V{y,t) t 


1 /-? 


Q/(^) := sup 

bbx 




\f{y,t)\'^dy{y) 




for all X G X, where the supremum in (7) is taken over all balls B G X containing x. 
We abbreviate := Cq. Note that the integrals above are always dehned (though 
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possibly infinite) as the integrands are non-negative, and so we need not assume any 
local g-integrability of /. We also define 

(8) := ess sup \f{y,t)\ 

(y,t)er(a:) 

and 

:=suP /mi+a esssup \f{y,t)\. 

Lemma 1.1. Suppose that q G (0, oo], a G M, and f G Then the functions 

A'^f and C^f are lower semicontinuous. 

Proof. For q ^ oo see [1, Lemmas A.6 and A.7]. It remains only to show that A°°f 
and C^f are lower semicontinuous for / G 
For each s > 0 write 


F(a:) -f s := {{y, t) G : {y, t - s) e T{x)} = {{yA) ^ : y e B{x, t-s)}. 

Geometrically F(a:) -|- s is a ‘vertically translated’ cone, and F(x) -f s D F(x) -|- r for 
all r < s. The triangle inequality implies that 

F(x) -f s C F(a:') for all x' G B{x, s). 

To show that A°°f is lower semicontinuous, suppose that x E X and A > 0 are 
such that {A°°f){x) > X. Then the set O := {{y,t) ^ r(a;) : \f{y,t)\ > A} has 
positive measure. We have 

OO 

0 = lj0n(F(x)+n-^). 

71=1 

Since the sequence of sets On(F(a:) -f is increasing in n, and since O has positive 
measure, we find that there exists n G M such that O fl (F(a:) -|- n~^) has positive 
measure. Thus for all x' G B{x,n~^), 

{{yA) e F(a:') : \ f{yA)\ > A} D On (F(x) +n"^) 


has positive measure, and so {A°°f){x') > A. Therefore A°°f is lower semicontinu¬ 
ous. 

The argument for is simpler. We have {C^f){x) > A if and only if there exists 
a ball B 3 X such that 


1 


esssup \f{y,t)\ > A. 

h06T(B) 


This immediately yields {C^f){x') > A for all x' G B, and so C^f is lower semicon¬ 
tinuous. □ 


Definition 1.2. For p G (0, oo) and q G (0, cxo], the tent space T^’^(X) is the set 
T^’AX) := {/ G L°(X+) ; A^f G B^iX)} 
equipped with the quasi-norm 

I I/I Itp’'?(x) •“ ll■^'^/llLP(x:) • 

We define T°°’^(W) by 

T°^’AX) := {/ G L°(X+) : C"/ G L°^{X)} 
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equipped with the corresponding quasi-norm. We dehne := with 

equal norms. 

For the sake of notational clarity, we will write T^’'^ rather than unless we 

wish to emphasise a particular choice of X. Although we will always refer to tent 
space ‘quasi-norms’, these are norms when p,q>l. 


Remark 1.3. Our dehnition of A°°f gives a function which is less than or equal 
to the corresponding function dehned by Coifman, Meyer, and Stein [10], which 
uses suprema instead of essential suprema. We also do not impose any continuity 
conditions in our dehnition of Therefore our space is strictly larger 

than the Coifman-Meyer-Stein version. 


By a cylinder we mean a subset C C X^ of the form C = B{x,r) x (a, b) for some 
{x, r) G X^ and Q < a < h < oo. We say that a function / G L°(W+) is cylindrically 
supported if it is essentially supported in a cylinder. In general cylinders may not 
be precompact, and so the notion of cylindrical support is more general than that 
of compact support. For all p, g G (0, oo] we dehne 

rpp,qx ^ rpp,q . j jg cylindrically supported}. 

and 

:= {/ G LF{X^) : / is cylindrically supported}. 

A straightforward application of the Fubini-Tonelli theorem shows that for all 
q G (0, oo) and for all / G L°(X+), 

II/IIt«,. = II/IIl^(x+) > 

and so = L^{X^). When q = oo this is true by dehnition. 


Proposition 1.4. For allp,q G (0,oo), the subspace c is dense in 
Furthermore, if X is doubling, then for allp,q G (0, oo], T^’'^ is complete, and when 
p,q ^ oo, is densely contained in T^’i. 

Proof. The second statement has already been proven in [1, Proposition 3.5],^ so we 
need only prove the hrst statement. Suppose / G and hx a point xq G X. For 
each fc G N, dehne 

Ck := B{xo, k) X (/c“\ k) and fk := IcJ- 
Then each fk is cylindrically supported. We have 


lim 11/- AIItp.? = lim / dp{x) 

k—>-oo k—^oo 


'X 


= / \im A'^{lc-f){xYdp{x) 


fx 


fc—>-oo 


= L (£“1,., 

,, djj.(y) dt\^^'^ 

dy(x) 


X \JJT{x) 


= 0 . 


^The cases where q = oo are not covered there. The same proof works—the only missing 
ingredient is Lemma 3.1, which we defer to the end of the article. 
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All interchanges of limits and integrals follow by dominated convergence. Hence we 
have / = lim^^oo fk, which completes the proof. □ 

Recall the following dnality from [1, Propositions 3.10 and 3.15]. 

Proposition 1.5. Suppose that X is doubling, p G [l,cxo), and q G (l,cxo). Then 
the inner product 

(9) {f,g) := JJ ^f{x,t)g{x,t)dfr{x)j 

identifies the dual ofT^’’^ with . 

Suppose that p G (0,1], g G [p, cxo], and R C X is a ball. We say that a function 
a G L^{X~^) is a atom (associated with B) ii a is essentially supported in T{B) 
and if the size estimate 

holds (recall that 6p^q := q~^ —p~^)- A short argument shows that if a is a T^’'^-atom, 
then < 1. 

Theorem 1.6 (Atomic decomposition). Suppose that X is doubling. Let p G (0,1] 
and q G [p, cxo]. Then a function f G L^{X~^) is in if and only if there exists a 
sequence {ak)keN of T^'^-atoms and a sequence {Xk)km ^ ^^(N) such that 

( 10 ) / = Xkttk 

km 

with convergence in T^’^. Furthermore, we have 

I I/I ItP' 9 ~ I l-^fc I l£P(N) ’ 

where the infimum is taken over all decompositions of the form (10). 

This is proven by Russ when q = 2 [22], and the same proof works for general 
q G [p, cxo). For q = oo we need to combine the original argument of Coifman, Meyer, 
and Stein [10, Proposition 2] with that of Russ. We defer this to Section 3.2. 

1.3. Weighted tent spaces: definitions, duality, and atoms. We continue to 
suppose that (X, d, p) is a nondegenerate metric measure space, and again we make 
no further assumptions without explicit mention. 

For each s G M, we can dehne an operator on L^{X~^) by 

{V"f){x,t) := V{x,tYf{x,t) 

for all (x, t) G X+. Note that for r, s G M the equality holds, and 

also that is the identity operator. Using these operators we dehne modihed tent 
spaces, which we call weighted tent spaces, as follows. 

Definition 1.7. For p G (0, cxo), q G (0, cxo], and s G M, the weighted tent space Tfi'^ 
is the set 

Tf’" := {/ G L°(X+) : G T^’^} 

equipped with the quasi-norm 

ii/iiTf-=iywiu. 

For q Y oo, and with an additional parameter a G M, we dehne by the quasi¬ 
norm 
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Finally, we define T^^°° by the norm 

where the supremum is taken over all balls B <Z X. Note that We 

write := 

Remark 1.8. The weighted tent space qnasi-norms of Hofmann, Mayboroda, and 
McIntosh [15, §8.3] (with p ^ oo) and Huang [16] (including p = oo with a = 0) are 
given by 

(11) ll/llTf’^CR") := ||(l/,^) ^^■7(l/,^)||rP,,(Kn), 

which are equivalent to those of our spaces In general, when X is un¬ 

bounded and AD-regular of dimension n, the quasi-norm in (11) (with X replacing 
M”') is equivalent to that of our Tj)®. We have chosen the convention of weighting 
with ball volumes, rather than with the variable t, because this leads to more geo¬ 
metrically intrinsic function spaces and supports embedding theorems under weaker 
assumptions. 

For all r, s G M, the operator W is an isometry from to The operator 

V~'^ is also an isometry, now from to and so for hxed p and q the weighted 
tent spaces Tf’*? are isometrically isomorphic for all s G M. Thus by Proposition 1.4, 
when X is doubling, the spaces Tf’^ are all complete. 

Recall the L^(X+) inner product (9), which induces a duality pairing between 
and for appropriate p and q when X is doubling. For all s G M and all 
f,g E L‘^{X^) we have the equality 

( 12 ) {f,9) = {V-^f,V^9), 

which yields the following duality result. 

Proposition 1.9. Suppose that X is doubling, p G [l,cxo), q G (l,cxo), and s G M. 
Then the L^(X+) inner product (9) identifies the dual ofT^’^ with . 

Proof. If / G Tf’'^ and g G Tff , then we have V~^f G T^’'^ and V^g G , so by 
Proposition 1.5 and (12) we have 

K/,s)l < |y-/||r.,. WVgWr^., = ll/ILf.. Il9ll^.y . 

Conversely, if G then the map / i-A- ip{V^f) determines a bounded linear 

functional on T^’'^ with norm dominated by ||<p||. Hence by Proposition 1.5 there 
exists a function g eT^ with ;< ||v5|| such that 

tU) = Tiy^iy-^f)) = {v-j,~9) = {f,v-^~9) 

for all / G Tf’'^. Since 

I ^1 l-pp',?' = 11^1 ^ 1711) 

— s 

we are done. □ 

There is also a duality result for p < 1 which incorporates the spaces with 
a > 0. Before we can prove it, we need to discuss atomic decompositions. 
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Suppose that p G (0,1], g G [p, cxo], s G M, and 5 C X is a ball. We say that a 
function a G L°(X+) is a Tf'^-atom (associated with B) ii V~^a is a T^’'^-atom. This 
is equivalent to demanding that a is essentially supported in T{B) and that 

The atomic decomposition theorem for unweighted tent spaces (Theorem 1.6) im¬ 
mediately implies its weighted counterpart. 

Proposition 1.10 (Atomic decomposition for weighted tent spaces). Suppose that 
X is doubling. Let p G (0,1]? <1 ^ [p, C)o], and s G M. Then a function f G L°(X+) 
is in if and only if there exists a sequence {ak)keN of -atoms and a sequence 
(Afc)fcgH G such that 

(13) / = AfeUfe 

feGN 

with convergence in Furthermore, we have 

I I/I I — inf 11 Afc| , 

where the infimum is taken over all decompositions of the form (13). 


Using this, we can prove the following duality result for p < 1. 

Theorem 1.11. Suppose that X is doubling, p G (0,1), q G [l,cxo), and s G M. 
Then the L^(X+) inner product (9) identifies the dual ofTfi^ with 

Proof. First suppose that a 
g G . Then we have 

\{a,9)\ < 

< 

< 

For general / G Tf’'^ we write / as a sum of atoms as in (13) and get 


is a Tf’'^-atom associated with a ball B G X, and that 

ff \V~"a{y,t)\\V^g{y,t)\dp{y)^ 

JJt{b) ^ 

s,5i^p 



\{f,9)\<\\9\\ 


rpCiO,q' 

—s,5i^p 



IP 


using that p < 1. Taking the inhmum over all atomic decompositions completes the 
argument. 

Conversely, suppose that <p G {Tfi^)'. Exactly as in the classical duality proof 
(see [1, Proof of Proposition 3.10]), using the doubling assumption, there exists a 
function g G such that 


tU) = if, 9) 


10 


ALEX AMENTA 


for all / G To show that g is in we estimate \\y^g\\L<i'{T{B)) 

ball B <Z X hy duality: 

II^"^IIl9'(t(s)) = sup |(/,1^"^)| ||/|li,\r(B)) 

f€L<i(T(B)) 

= sup |(1^7,^)l ll/IIZ^)) • 

f&Ll(T{B)) 

Holder’s inequality implies that 

||V'-/||j.„<mbAUI/II„,t(b)) 

when / is essentially supported in T{B), so we have 

11^ 9\\li'{T{B)) — h'(-®) I7ll(rf’’)' ’ 

and therefore 

||c/||^coV = sup 

^ ^ Bex 

which completes the proof. □ 

Remark 1.12. Note that g = 1 is included here, and excluded in the other duality 
results of this article. Generally the spaces with p < q are easier to handle than 
those with p > q. 


We end this section by detailing a technique, usually referred to as ‘convex reduc¬ 
tion’, which is very useful in relating tent spaces to each other. Suppose / G L°(X+) 
and M > 0. We dehne a function G L^{X~^) by 


for all {x, t) G For all g G (0, exo] and s G M we then have 

and for a G M we also have 

CI(V-p') ^ !)'■•. 

Therefore, for p G (0, oo) we have 




Ml 


Irf 

= I f) 

M 

VI q 

■ sjM 

and likewise for p = oo and g < oo we have 


I ll,P(A) 

|M 

\lMp{X) 


J I rjn]\dp^M(^ 


•\n 


flT 


oo^Mq 

slM^ajM 


M 


The case p = q = oo behaves in the same way: 

ll/'^lLoc.oc = \UV-y^f)^" 


L°°(A+) 


M 

/thOO , OO • 

^ sjM 
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These equalities often allow us to deduce properties of from properties of 
and vice versa. We will use them frequently. 


2. Interpolation and embeddings 

As always, we assume that {X, d, /i) is a nondegenerate metric measure space. 
We will freely use notation and terminology regarding interpolation theory; the 
uninitiated reader may refer to Bergh and Lofstrom [5]. 


2.1. Complex interpolation. In this section we will make the following identih- 
cation of the complex interpolants of weighted tent spaces in the Banach range of 
exponents. 

Theorem 2.1. Suppose that X is doubling, po,pi G [l,oo] (not both oo), qo,qi G 
(1, oo), So, 5i G M, and 6 G (0,1). Then we have the identification 

7^pi,gil _ n^pem 
L-^ So ; Si JP sg 

with equivalent norms, where pg^ = (1 — ^)Po ^ , qfi^ = (1 “ > o,nd 

Se = (1 — 0)sq + 6si. 

Remark 2.2. In the case where X = M"' with the Euclidean distance and Lebesgue 
measure, this result (with po,Pi < 1 permitted) is due to Hofmann, Mayboroda, and 
McIntosh [15, Lemma 8.23]. A more general result, still with X = M"", is proven 
by Huang [16, Theorem 4.3] with go, 5 'i = oo also permitted, and with Whitney 
averages incorporated. Both of these results are proven by means of factorisation 
theorems for weighted tent spaces (with Whitney averages in the second case), and 
by invoking an extension of Calderon’s product formula to quasi-Banach spaces due 
to Kalton and Mitrea [19, Theorem 3.4]. We have chosen to stay in the Banach 
range with 1 < go,gi < cxo for now, as establishing a general factorisation result 
would take us too far aheld. 


Note that if po = oo (say) then we are implicitly considering with « = 0; 

interpolation of spaces with a 7 ^ 0 is not covered by this theorem. This is because 
the method of proof uses duality, and to realise with a 7 ^ 0 as a dual space we 

would need to deal with complex interpolation of quasi-Banach spaces, which adds 
difficulties that we have chosen to avoid. 

Before moving on to the proof of Theorem 2.1, we must £x some notation. For 
g G (1, cxo) and s G M, write 


(14) 




L'^(X+, 1 /-''"-^) 




X^,V-^fiy,t) 


dpjy) 

y{y,t) t) 


(this notation is consistent with viewing the function as a weight on the 

product measure dp,dt/t). 

An important observation, originating from Harboure, Torrea, and Viviani [13], 
is that for all p G [1, cxo), g G (1, 00 ) and s G M, one can write 

11/17;.. = ||i//|L'’(X:L«(A:+))| 

for / G L°(X+), where 

Hf{x) = 
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Hence H is an isometry from to L^{X : L^(X+)). Becanse of the restriction 
on g, the theory of Lebesgne spaces (more precisely, Bochner spaces) with valnes in 
reflexive Banach spaces is then available to ns. 

This proof follows previons argnments of the anthor [1], which are based on the 
ideas of Harbonre, Torrea, and Viviani [13] and of Bernal [6], with only small mod- 
ihcations to incorporate additional parameters. We inclnde it to show where these 
modihcations occnr: in the nse of dnality, and in the convex rednction. 

Proof of Theorem 2.1. First we will prove the resnlt for ^ (1) oo)- Since H is 
an isometry from to for j = 0,1, the interpolation prop¬ 

erty implies that H is bonnded (with norm < 1 dne to exactness of the complex 
interpolation fnnctor) 

^ i” {X: K(W),l«(A'+)]„) . 

Here we have used the standard identihcation of complex interpolants of Banach¬ 
valued Lebesgne spaces [5, Theorem 5.1.2]. The standard identihcation of complex 
interpolants of weighted Lebesgne spaces [5, Theorem 5.5.3] gives 

K(A+),LS(.Y+)]» = L®(.Y+), 

and we conclude that 

ll/ll,..., = ||i//|L'’‘(A:L«;(A+))|| 

< 11/ I 

for all / e Therefore 

(15) 

To obtain the reverse inclusion, we use the duality theorem for complex inter¬ 
polation [5, Theorem 4.5.1 and Corollary 4.5.2]. Since X is doubling, and by our 
restrictions on the exponents, the spaces and are rehexive (by Proposi¬ 

tion 1.9) with intersection dense in both spaces (as it contains the dense subspace 
^max(go,<?i)(j 5 ^+^ by Propositiou 1.4). Therefore the assumptions of the duality theo¬ 
rem for complex interpolation are satished, and we have 

mpe,qe _ (mP'gPey 
-^sg \-^-sg J 

C 

— \mPo,qo T^pi,gii 
so ’ SI Jo 

where the hrst two lines follow from Proposition (1.9) and (15), and the third line 
uses the duality theorem for complex interpolation combined with Proposition 1.9. 

We can extend this result to Po,Pi G [1, cxo] using the technique of [1, Proposition 
3.18]. The argument is essentially identical, so we will not include the details here. 

□ 

2.2. Real interpolation: the reflexive range. In order to discuss real interpo¬ 
lation of weighted tent spaces, we need to introduce a new scale of function spaces, 
which we denote by Zf'' = ZP'1{X).^ 

^We use this notation because almost every other reasonable letter seems to be taken. 
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Definition 2.3. For cq G (0,cxo), ci G (l,cxo), and {x,t) G we define the 
Whitney region 

Qco,ci{x,t) := B{x,Cot) X (cJ'H, Cit) C 

and for q G (0, cxo), / G L°(X+), and (a;,t) G we define the L'^-Whitney average 

■= \-ff Ifi^wWdfiiOdr 

For p,q E (0,oo), s G M, Cq G (0, oo), Ci G (l,oo), and / G L°(X+), we then 
define the quasi-norm 

and the Z-space 

ZrA;Co.Ci) := {/ 6 L%X+) : ll/l< °o}- 

In this section we will prove the following theorem, which identifies real inter- 
polants of weighted tent spaces in the reflexive range. We will extend this to the full 
range of exponents in the Euclidean case in the next section. 



Theorem 2.4. Suppose that X is AD-regular and unbounded, Po,Pi,q G (l,oo), 
So 7 ^ Si G M, and 9 G (0,1). Then for any cq G (0, oo) and ci G (1, cxo) we have the 
identification 

(16) {Tfr, co, cfl 

with equivalent norms, where p~ff^ = (1 — 0)pq^ + 6pf^ and sg = {1 — 9)so -|- 9si. 

As a corollary, in the case when X is AD-regular and unbounded, and when 
p,q > 1, the spaces cq, ci) are independent of the parameters (co,ci) with 

equivalent norms, and we can denote them all simply by We remark that 

most of the proof does not require AD-regularity, but in its absence we obtain 
identifications of the real interpolants which are less convenient. 

The proof relies on the following identification of real interpolants of weighted 
spaces, with fixed q and distinct weights, due to Gilbert [12, Theorem 3.7]. The 
cases p < 1 and g < 1 are not considered there, but the proof still works without 
any modifications in these cases. Note that the original statement of this theorem 
contains a sign error in the expression corresponding to (17). 


Theorem 2.5 (Gilbert). Suppose {M,p) is a a-finite measure space and let w be 
a weight on (M, p). Let p,q G (0, cxo) and 9 G (0,1). For all r G (l,cxo), and for 
f G L^{M), the expressions 


(17) 



^x:'w{x)£{r~^ ,r' 


-fe+i]/! 


L<i{M) 


kez 


(18) 

and 

(19) 


.1-0 


^x\w{x) 


<l/sf\ 




Lp ,ds / s) 



^x:w{x)>l/s 


/II 


L9(M) 


Lp (R+jds/s) 


^One can prove independence of the parameters (cq, ci) directly when X is doubling, but proving 
this here would take us even further off course. 
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define equivalent norms on the real interpolation space 

The first step in the proof of Theorem 2.4 is a preliminary identihcation of the 
real interpolation norm. 

Proposition 2.6. Let all numerical parameters he as in the statement of Theorem 
2 . 4 . Then for all f e L^{X+) we have the equivalence 

( 20 ) 11 / I ~ ||lrw/| 

Proof. We nse the notation of the previons section. We have already noted that the 
map H : Lp{X : Ll{X^)) with Hf{x) = lr{x)f is an isometry. Fnrthermore, 

as shown in [1] (see the discnssion preceding Proposition 3.12 there), HifTfi^) is 
complemented in L^{X : L^( 2 f+)), and there is a common projection onto these 
spaces. Therefore we have (by [23, Theorem 1.17.1.1] for example) 

11/ I ~\\Hf I (L»(A : . 

The Lions-Peetre resnlt on real interpolation of Banach-valued Lebesgue spaces (see 
for example [21, Remark 7]) then implies that 

11/ I ~\\Hf I m‘(X : (L»„(A'+),L».(A'+))»„)||. 

Since Hf{x) = lr(x)f, this proves (20). □ 

Having proven Proposition 2.6, we can use Theorem 2.5 to provide some useful 
characterisations of the real interpolation norm. For / G L°(X+) and a,b E [0, 00 ], 
we dehne the truncation 

fa,b ■ ^Xx{a,b)f- 

Note that in this theorem we allow for po,Pi < 1; we will use this range of exponents 
in the next section. 


Theorem 2.7. Suppose po^pi, q G (0, 00 ), Sq 7 ^ Si G M, and 9 G (0,1), and suppose 
that X is AD-regular of dimension n and unbounded. Let r G (l,cxo). Then for 
/ € L»(A+) we have norm equivalences 


( 21 ) 

( 22 ) 

(23) 


!|lrw/ I (i’„(A+),L’.(A+))»„||||„|,,, 

n(si-so)(l-^) 


I I/t ,00 I I 

^1 


LPS (R+,dr/T) 


-n{si-so)d II/ II 

^ /0,r yPS’i 

LPe(K+,dr/T) 

M ‘ 


iP 9 (Z) 


Proof. First assume that si > sq. Let be the measure on given by 


dp%{y,t) ■■=i 


dpiy) dt 
V{y,t)t' 


Since X is AD-regular of dimension n and unbounded, we have that ) — 

II/IIl| (JV+)- dehne the weight w{y,t) := so that tcVso ^ 

We will obtain the norm equivalence (23). For 1 < r < cx) and A; G Z, we have 
r~^ < w{y,t) < if and only if f G ^^k/n{si-so)'j ^g ^jigg 
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Si > So). Using the characterisation (17) of Theorem 2.5, and replacing r with 
^n(si-so)^ for / G L°(X+) we have 


X 


I|lrw/ I 

1/ps 


lx 




fcez 


IPS 


dfi{x) 


1/ps 


1/ps 




^-n(si-so)^<9 


'X 


fj,k 1 „fc I rpPQ 
' ' ' -^SQ 


^0 


IPB (Z) 


This proves the norm eqnivalence (23) for all / G L°(27+) when si > sq. If si < sq, 
one simply uses the identihcation {L1^{X+), Lj^{X^))g^pg = {Lj^{X"^), L1^{X+))i_g^p^ 
[5, Theorem 3.4.1(a)] to reduce the problem to the case where Sq < Si. 

The equivalences (21) and (22) follow from the characterisations (18) and (19) of 
Theorem 2.5 in the same way, with integrals replacing sums throughout. We omit 
the details here. □ 


Finally we can prove the main theorem: the identihcation of the real interpolants 
of weighted tent spaces as Z-spaces. 


Proof of Theorem 2.4- Suppose / G L^{X~^). Using the characterisation (23) in 
Theorem 2.7 with r = ci > 1, and using aperture Cq/ci for the tent space (making 
use of the change of aperture theorem [1, Proposition 3.21]), we have 


1/ I (Tf-^Tf-^), 


IPS 


So ’ Si /t»>Pe I 

-n{si-so)kBpg . 


fcez 


\t 


IX 


—n{si—so)kepe 


fcez 


'-i 


''1 


B{x,cot/ci) 


. . > Pe/q 


V{y,t) t 




IB{x,cot/ci) U(l/,f) t 


Pe/q 

x\ ^dy{x) 



using that B{x,CQt/ci) x (ci ^,Ci) C f2co,ci(x, r) whenever r G (ci ^,Ci). 
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To prove the reverse estimate we use the same argument, this time using that for 
r,t e (2^“^,2^) we have Qco,ci{x,t) C B{x,2cot) x (q ^2^“^, Ci2''). Using aperture 
2co for the tent space, we can then conclude that 


Ve 

^L®’hA;co,ci) 


' X 




-n{si-so)kdpg 


12k 


:.(£ 


pe/q 


,-nso y|Q 


< 


^ fcGZ 


-n(s\-so)k9pe 


llcQ,CJ 


r-Cl2'' 


— d/i(x) 
r 


,-nso 


/2'=-l WcfU^-l JB{x,2cot) 




Pe/q 

dfi{y) dt \ dr 


— — diJi{x) 


fcez 


-n{si-so)kepg 


r-ci2'' 


r-ci2'' 


cj"U'=-i JB{x,2cot) 

Pe 


V{y,t) t 

dy{y) dt\ dr 


r 
Pe/q 


\r-^^^f{y,tWTP^-] -dy{a 


V{y,t) t J r 


This completes the proof of Theorem 2.4 


□ 


Remark 2.8. Note that this argument shows that 


Zll’Rx-,co,ci) 


whenever X is AD-regular of dimension n and unbounded, for all Po,Pi G (0, cxd), 
Co G (0, cxo), and Ci G (1, cxo). Therefore, since Theorem 2.7 also holds for this range 
of exponents, to establish the identihcation (24) for po,pi G (0, cxo) it suffices to 
extend Proposition 2.6 to po,pi G (0, oo). We will do this in the next section in the 
Euclidean case. 


2.3. Real interpolation: the non-reflexive range. In this section we prove the 
following extension of Theorem 2.4. In what follows, we always consider M” as a met¬ 
ric measure space with the Euclidean distance and Lebesgue measure. Throughout 
this section we use the real interpolation method for quasi-normed Abelian groups, 
as described in [5, §3.11]. 

Theorem 2.9. Suppose thatpo,pi G (0, cxo), q G [1, oo), sq 7 ^ si G M, and 9 G (0,1). 
Then for any Cq G (0, cxo) and Ci G (1, cxo) we have the identification 

(24) co, ci) 

with equivalent quasi-norms, where pf^ = (1 — 6*)pq ^and so = {l — 9)so-\-9si. 

The main difficulty here is that vector-valued Bochner space techniques are not 
available to us, as we would need to use quasi-Banach valued spaces with p < 1, 
and such a theory is not well-developed. Furthermore, although the weighted tent 
spaces embed isometrically into U’{X : L‘l{X^)) in this range of exponents, 
their image may not be complemented, and so we cannot easily identify interpolants 
of their images.^ We must argue directly. 

^Harboure, Torrea, and Viviani [13] avoid this problem by embedding into a vector-valued 
Hardy space H^. If we were to extend this argument we would need identifications of quasi-Banach 
real interpolants of certain vector-valued Hardy spaces for p < 1, which is very uncertain terrain 
(see Blasco and Xu [8]). 
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First we recall the so-called ‘power theorem’ [5, Theorem 3.11.6], which allows 
us to exploit the convexity relations between weighted tent spaces. If A is a quasi- 
Banach space with quasi-norm H-H and if p > 0, then ll'll^ is a quasi-norm on A in 
the sense of [5, page 59], and we denote the resulting quasi-normed Abelian group 
by AP. 

Theorem 2.10 (Power theorem). Let {Aq,Ai) be a compatible couple of quasi- 
Banach spaces. Let po,pi G (0, cxo), rj G (0,1), and r G (0,cxo], and define p : = 
(1 — tfipQ -|- ppi, 9 := ppi!p, and a := rp. Then we have 

{{Aoyfi{AfiPXr = {{Ao,Afie,.y 

with equivalent quasi-norms. 

Before proving Theorem 2.9 we must establish some technical lemmas. Recall 
that we previously dehned the spaces L^(X+) in (14). 

Lemma 2.11. Suppose x G X, a G (0, cxo), and let all other numerical parameters be 
as in the statement of Theorem 2.9. Then for all cylindrically supported f G L°(X+) 
we have 

K{a,lr^^)f-Ll{X+),LiyX+)) 

(25) = inf {Ayv-^°^o){x)+ aAyv-^^^y{x)) 

f=ipo+ipi 

and 

K{a,lr(.yf;LlJX+r,L=JX+r) 

(26) = inf (A‘'(V-‘°^p„)(xy+aA'’(V-'f^)(xY') 

f=ro+v>i 

where the infima are taken over all decompositions f = Lp^ -\- ipi in L°(X+) with 
ipo, ipi cylindrically supported. 

Proof. We will only prove the equality (25), as the proof of (26) is essentially the 
same. 

Given a decomposition f = + tpi m. L°(X+), we have a corresponding decom¬ 
position lr(x)/ = '^t{x)To + with | |lr(x)9?ol ^x+) = A.yV-^°po){x) and 

likewise for pi. This shows that 

K{a,lrMf;L%{X+),L'‘JX+)) < inf (A'‘(V-“^M^) + aA'‘(V-’'^,)(x)) . 

j=‘po-e‘pi 

For the reverse inequality, suppose that lr(a;)/ = To+ Ti in and suppose 

/ is essentially supported in a cylinder C. Multiplication by the characteristic func¬ 
tion lr(x)nc does not increase the quasi-norms of po and pi in L^^(X+) and L^^(X+) 
respectively, so without loss of generality we can assume that po and pi are cylin- 
drically supported in F(a:). Now let f = fjo + fii he an arbitrary decomposition in 
L°(X+), and dehne 

^0 ■= lr(x)<^o + lA+\r(x)i/^0) 

V’l := lr(x)<y^l + lA+\r(x)V’l- 

Then / = "00 + V’l ^ind we have 

AyV~"°yo){x) = AyV~''°po){x) = ||lr(x)V5o||i| (J^+) 
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and likewise for 'ipi. The conclusion follows from the definition of the it'-functional. 

□ 

Lemma 2.12. Suppose f G Then A^f is continuous. 

Proof. Let / be essentially supported in the cylinder C := B{c,r) x {ko,ki). First, 
for all x G X we estimate 

-llq 

~ ll/lll,9(X+) 5 

using the estimate (40) from the proof of Lemma 3.1. 

For all a; G X we thus have 


Li{X+) 


lim \ A'^f{x) — A'^f{z)\ < lim 


A+ 


1 II « .M« n 

|lrw-lrwlll(!'-‘)l V(yi)7j ““ 


by dominated convergence, since lr(a;) — lr( 2 ) —t 0 pointwise as ^ ^ x, and since 

\l<i{X+) ■ 


x+ 


dii(lA df \ 

|lr(.) - lr( 2 )||/(l/, t)r 77^ X ) < < 


y{y,t) t J 


□ 


Therefore A^f is continuous. 

Having established these lemmas, we can prove the following (half-)extension of 
Proposition 2.6. 

Proposition 2.13. Let all numerical parameters he as in the statement of Theorem 
2.9. Then for all f G L^(X+) the function 

(27) X ^ ||lrw/ I (L«„(A:+),L».(W))»,„|1 

is measurable on X (using the discrete characterisation of the real interpolation 
quasi-norm), and we have 

(28) 11/ I (T»-«,rW’’)»„|| > Ijlrw/ I (L’.(X+),L«.(V*))»«I11 L,.,x|- 

IFe denote the quantity on the right hand side of (20) by ||/ | 

Proof. First we take care of measurability. Using Lemma 2.11, for x G X we write 

l|lrw/l(ip7fL.i2,(7f7)<i«|r 

= ^ (2‘. Irw/; +), il, (X+))’ 


\Pe 


k&I. 




Pe 


where the inhma are taken over all decompositions / = <po + V^i in L^{X~^) with (po G 
L1^{X~^) and <pi G L1_^{X~^) cylindrically supported. By Lemma 2.12, we have that 
^i?(7^-so(^o) and are continuous. Hence for each A; G Z and for every such 

decomposition f = tpQ + ^pi the function x ha - .4,^(U“^°<po)(a^) + 2^.4,^(U“®i(pi)(x) is 
continuous. The infimum of these functions is then upper semicontinuous, therefore 
measurable. 
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Next, before beginning the proof of the estimate (28), we apply the power theorem 
with Aq = Ai = po = Po, Pi = Po and a = pg. Then we have p = pe, 

P = dpe/pi, r = 1, and the relation pg = {1 — p)po + ppi is satished. We conclnde 
that 

Thus it suffices for us to prove 


(29) 


1/ I > 11/1 O 


<? 

SI ,9 


\Pe 


for all f eLl{X+). 
We write 


- ( 2 ^ j-(^j'Po,qyo 


fcez 


inf (||^„||«„..+2‘||»;i|iy.,.) 

f=Po+Pi V "0 ®i / 


fcez 


y inf [ 

/=P0+P1 Jx 


A^{V-^^Po){xY° + 2^AYV-^^pi){xY^ dp{x) 


>y- 2 -fcWPi / inf (AYV-^yo){xY°+ ‘^^^YV-^^pi){xYY dp{x) 

Jxf='P^+‘P^ 

(30) =5^2-"»/!- f ff (2‘,lrw/(i);L».(X+r,Ll.(X+r) d^i(x) 


kez 


lx 


“J 

f 1 

X 

|lr(x)/ 

(31) 

f 1 

X 

lr(x)/ 

= 1 

l/l 

lPe,q II 
so,si,611 


Irw/ I {LHX*r,Ll^(X+r),„,,„P dMx) 


\P9 


so' 


Si ' 


SPe I 


dp{x) 


PB 


where again the inhma are taken over cylindrically supported po and pi. The 
equality (30) is due to Lemma 2.11. The equivalence (31) follows from the power 
theorem. This completes the proof of Proposition 2.13. □ 


As a corollary, we obtain half of the desired interpolation result. 


Corollary 2.14. Let all numerical parameters he as in the statement of Theorem 
2.9, and suppose that X is AD-regular of dimension n and unbounded. Then 

(32) (Tf-^ TY’Yo,pe CO, Cl). 

Proof. This follows from Theorem 2.7, Remark 2.8, and the density of Ll{X~^) in 
{Tf°’‘^,Tff’Y 9 ,pe (which follows from the fact that L^(X+) is dense in both and 
which is due to Lemma 1.4). □ 

We now prove the reverse containment in the Euclidean case. This rests on a 
dyadic characterisation of the spaces Zf’^(M"'; cq, Ci). A standard (open) dyadic cube 
is a set Q C M"" of the form 

n 

Q = \[{2'^x,,2\x, + l)) 

i=\ 


( 33 ) 
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for some /c G Z and x G Z”. For Q of the form (33) we set i{Q) := 2^ (the sidelength 
of Q), and we denote the set of all standard dyadic cubes by V. For every Q G P 
we dehne the associated Whitney cube 

Q:=Qx(£(Q),2£(Q)), 

and we dehne Q '.= {Q Q & V}. We write := (M"')+ = M” x (0, oo). Note 
that ^ is a partition of up to a set of measure zero. 

The following proposition is proven by a simple covering argument. 


Proposition 2.15. Let p,q E (0, oo), s G M, cq > 0 and ci > 1. Then for all 
f G 


i/p 


zf-FR'*;co,ci) —CO,Cl 


\Q€G 


where 




As a consequence, we gain a convenient embedding. 

Corollary 2.16. Suppose q G (0, oo), p G (0, q], and s G M. Then 

Zf’9(M”) -A Tf’^(M"). 


Proof. We have 


dydty^’^ , 


r(x) 


dx] 




< 


Q 


\Qeg 


/ 

j 

\ 


) p/<i \ 

dx 

/ 

p/q ^ ^/P 

E W)#0W)«(«)'”'’[i/i’1q1 < 1 ^ 


1/P 




/ 


i/p 


(34) 


< 


Q^G 


1/p 


E<’(«)'”’’'II/I'’IFIL 6 R”: r(n ng 0 }| 

\^Q^G 


1/p 


(36) 


< 


E'’®) 

Q&Q 

Zf’hXico.ci) 


'■-'’•'ii/nF 
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where (34) follows from p/q < 1, (35) follows from 


Kx e R” ; T{x)nQ^ 0}| = \B{Q,2im\ < IQI ^ W, 


and the last line follows from Proposition 2.15. This proves the claimed embedding. 

□ 


It has already been shown by Barton and Mayboroda that the Z-spaces form a real 
interpolation scale [4, Theorem 4.13], in the following sense. We will stop referring to 
the parameters Cq and Ci, as Proposition 2.15 implies that the associated quasi-norms 
are equivalent. 


Proposition 2.17. Suppose that all numerical parameters are as in the statement 
of Theorem 2.9. Then we have the identification 

Now we know enough to complete the proof of Theorem 2.9. 


Proof of Theorem 2.9. First suppose that Po,pi G (0,2]. By Corollary 2.16 we have 

-A Tf/’''(R"), 

for j = 0,1, and so 


(Zf-^(R"),Zf-^(R")),,,, ^ (Tf-''(R"),Tf/’''(R")),,,,. 

Therefore by Proposition 2.17 we have 

ZPfifiW) ^ (Ti;o’'^(R"),Tf/’^(R’^)),,,„ 
and Corollary 2.14 then implies that we in fact have equality. 

This equality also holds for po,pi G (1, cxo) by Theorem 2.4. By reiteration, this 
equality holds for all po,Pi G (0, cxo). The proof of Theorem 2.9 is now complete. □ 


Remark 2.18. This can be extended to general unbounded AD-regular spaces by 
establishing a dyadic characterisation along the lines of Proposition 2.15 (replacing 
Euclidean dyadic cubes with a more general system of ‘dyadic cubes’), and then 
proving analogues of Corollary 2.16 and Proposition 2.17 using the dyadic charac¬ 
terisation. The Euclidean applications are enough for our planned applications, and 
the Euclidean argument already contains the key ideas, so we leave further details 
to any curious readers. 


2.4. Hardy—Littlewood—Sobolev embeddings. In this section we prove the fol¬ 
lowing embedding theorem. 

Theorem 2.19 (Weighted tent space embeddings). Suppose X is doubling. Let 
0 < po < Pi < oo, q G (0, cxo] and sq > si G R. Then we have the continuous 
embedding 

mpo,q ^ mpi,q 

SO ^ SI 

whenever si — sq = (5po,pi. Furthermore, when po G (0, cxo], q G (1, oo), and a > 0, 
we have the embedding 

mpo,q ^ moo,q 

whenever (si -|- a) — Sq = ^po,oo- 
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These embeddings can be thought of as being of Hardy-Littlewood-Sobolev-type, 
in analogy with the classical Hardy-Littlewood-Sobolev embeddings of homogeneous 
Triebel-Lizorkin spaces (see for example [17, Theorem 2.1]). 

The proof of Theorem 2.19 relies on the following atomic estimate. Note that no 
geometric assumptions are needed here. 


Lemma 2.20. Let 1 < p < q < oo and Sq > G M with si — Sq = 5i^p. Suppose 
that a is a T}f-atom. Then a is in Tff, with llalLp.? < 1. 

*0 * 1 ' ' ' ' J s 

Proof. Suppose that the atom a is associated with the ball B C X. When p oo, 
using the fact that B{x,t) C B whenever {x,t) G T{B) and that —(5i,p > 0, we have 

llollrf;'' = 

< p{BYp’^p{BY‘^’P ||a||^<,,9 

= 1 , 

where we used Holder’s inequality with exponent q/p > 1 in the third line. 

When p = q = oo the argument is simpler: we have 


_ I I T/-«0—^1,0 

0,00 - 




— Ir IIl°°(t(b)) 

< p{bY°°’^ p{bY^’°° 
= 1 




-so. 




using the same arguments as before (without needing Holder’s inequality). □ 

Now we will prove the embedding theorem. Here is a quick outline of the proof. 
First we establish the hrst statement for po = 1 and 1 < Pi < g by using part (1) of 
Lemma 2.20. A convexity argument extends this to 0 < po < pi < q, with g > 1. 
Duality then gives the case I < q < Po < Pi ^ oo, including when pi = oo and 
a 7 ^ 0. A composition argument completes the proof with g > 1. Finally, we use 
another convexity argument to allow for g G (0,1] (with pi < oo). To handle the 
second statement, we argue by duality again. 

Proof of Theorem 2.19. The proof is split into six steps, corresponding to those of 
the outline above. 

Step 1. First suppose that / G Tf^^ and 1 < Pi < g. By the weighted atomic 
decomposition theorem, we can write / = 'YYk where each Ok is a T^^j'^-atom, 
with the sum converging in Tff^. By Lemma 2.20 we have 

I I/I Ij^pi,? < 11 Afc| . 

Taking the inhmum over all atomic decompositions yields the continuous embedding 

(36) TlY-^TYs^^ (l<Pi<g<oo, 5 i-5o = 5i,pJ. 

Step 2. Now suppose 0 < Po < Pi < Si — So = (5^po,pi, and / G Using (36) 

and noting that g/po > 1 and 

Po^l PqSo Po^potPi *^liPi/po) 
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we have 


rpPl,q — 
Jsi 

< 


I po I pPi/po,<?/po I 
I'' I Po«i I I 


PO I pl,9/po I 
I Po«o I I 


- ll/llTfO’" ’ 

®0 

which yields the continuous embedding 

(37) ypo,p^2^pi,p (0 <po <Pi < g < oo, g>l, Si - Sq = 

Step 3. We now use a duality argument. Suppose l<q<po<pi<oo. Dehne 
TTo := pi, TTi := Po, p := q' , (Tq := -Si, and cxi := -Sq, with - sq = (5po.Pi- Then 

^0 “1“ "Si ^pOiPl *^7ro,7ri) 

and so (37) gives the continuous embedding 

(TO ^ CTl • 

Taking duals and considering that is dense in results in the continuous 

embedding 

(38) -A (1 < g < Po < Pi < oo, si - sq = 

Step 4. Now suppose that 0<po<g<pi<cxo and g > 1, again with 
Si — So = (5po,pi- Then combining (37) and (38) gives continuous embeddings 

('QO') 7^P0,iJ mPl,g _ rTipi,q 

V 1 So so+Spg^q ^ ^o+<5po,9+N.pi ■ 

Step 5. Finally, suppose g < 1, and choose M > 0 such that q/M > 1. Then 
using a similar argument to that of Step 2, with Msi — Msq = MSp^^p^ = (5p(,/M,pi/M5 

IIM 


rpPi,q — 

-'si 


< 


M I rpPi/M,q/M 
Msi 

M I rppo/M,q/M 
^Mso 


1/M 


- Il/llrfo’'^ • 

All possible positions of g relative to 0 < po < pi < oo have thus been covered, so 
the proof of the hrst statement is complete. 

Step 6. For the second statement, we let (si + a) — Sq = (5po,oo, and hrst we 
suppose that po G (1, cxo]. Let 

Tio :=(! + «) ^ G (0,1), 

TTi :=Po G (l,oo], 

p = g^ <To = —Si, CTi = —So. 

Then a = (5i^7ro = ^pi,oo and so we have 

<Tl do ^Po,00 •a ^^Ij-TTl ^1,710 > 

which yields 


Taking duals yields 


'P'^OyP ^ yrn'liP 
O-Q ^ CTI ■ 


7^P0,g ^ rpoO,q 

50 ~ 51,0; ’ 


which completes the proof when po G (1, cxd]. One last convex reduction argument, 
as in Step 2, completes the proof. □ 
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We remark that this technique also yields the embedding when 

(si + ai) — (so + (To) = 0, So > Si, and 0 < (To < (Ti. 

Remark 2.21. The embeddings of Theorems 2.19, at least for p,q E (l,cxo), also 
hold with replacing Tf’'^ on either side (or both sides) of the embedding. This 
can be proven by writing Zf’*? as a real interpolation space between tent spaces 
T?’'^ with p near p and s near s, applying the tent space embedding theorems, and 
then interpolating again. These embeddings can also be proven ‘by hand’, even for 
p,q < 1. We leave the details to any curious readers. 

3. Deferred proofs 

3.1. estimates for cylindrically supported functions. The following 

lemma, which extends [1, Lemma 3.3] to the case q = oo, is used in the proof that 
TP’°° is complete (see Proposition 1.4). 

Lemma 3.1. Suppose that X is doubling and let K C he cylindrical. Then for 
all p G (0, cxo] and all f G L°(X+), 

11 Ia/I I j'p.oo ^K,p 11 /11 LOO(X) ^K,p ||/||lp.°o • 

Proof. When p = oo this reduces to 

I |1a/I Iloo(x+) = II/IIl°°(a) — II/IIl°°(a+) ’ 

which is immediate. Thus it suffices to prove the result for p < oo. Write K C 
Bk X (ko, «^i) for some ball Bk = B{ck, uk) C X and 0 < aq < < oo. 

To prove that ||1a/||tp,°o ^k,p ||/|Il°°(a)> observe that 

IIIa/IUoc < \\f\\L^iK)T{^ e X : T{x)nK ^ 

< ll/llL-(A)''^(cA,rA + «l)^/^ 

because if x ^ B{ckXk + «^i) then r(x) fl {B^ x (koj^i)) = 0- Note also that 
V{cK,rK + Ki) is hnite and depends only on K. 

Now we will prove that ||/||loo(l') ^k,p ||/|lrp.°°- First note that the doubling 
property implies that for all i? > 0 and for all balls B G X, 

(40) inf u{B{x,R)) >x,R,rB r{B). 

x£B 

Indeed, if x G i? and R < 2rB then 

fi{B) < fi{B{x,R{2rBR-^))) <x (2rBi?-')X5(x, i?)). 

where n > 0 is the doubling dimension of X. If R > 2rB then since 2rBR~^ < 1, we 
have pi{B) < p{B{x, R)). 

Let {xj)j^^ be a countable dense subset of Bx- Then we have 

K =\J{T{x,) + Ko)nK. 

JGN 

By dehnition the set {{y,t) G K : \f{y,t)\ > 2~^ II/IIl°°(a)} positive measure, 

so there exists j G N such that \f{y,t) \ > 2~^ II/IIl°°(a) in some subset of 

(r(xj) + Ao) F K with positive measure. Since (r(xj) + kq) D K G r(x) fl K for 
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all X G B{xj,KQ), we have that A°°{f){x) > 2 ^ I I/I for all x G B{xj,Ko). 

Therefore, using (40), 

ll-^ /IIlp(a) — I i/I Il°°(a) 

^X,K ll/lli,-(i<') 

—K,p I \f\\L°°{K) ■ 

This completes the proof of the lemma. □ 


3.2. atomic decomposition. As stated above, the atomic decomposition the¬ 
orem for can be proven by combining the arguments of Coifman-Meyer-Stein 
(who prove the result in the Euclidean case) and Russ (who proves the atomic de¬ 
composition of T^’^(X) for 0 < p < 1 when X is doubling). 

First we recall a classical lemma (see for example [22, Lemma 2.2]), which com¬ 
bines a Vitali-type covering lemma with a partition of unity. This is proven by 
combining the Vitali-type covering of Coifmann-Weiss [11, Theoreme 1.3] with the 
partition of unity of Macias-Segovia [20, Lemma 2.16]. 

Lemma 3.2. Suppose that X is doubling, and let O be a proper open subset of X 
of finite measure. For all x E X write r[x) := dist(a:, O'^)/10. Then there exists 
M > 0, a countable indexing set I, and a collection of points {xi}i^j such that 

• O = Ui(,iB{xi,r{xi)), 

• ifi,j G / are not egual, then i?(xj, r(xj)/4) and B{xj,r{xj)/4) are disjoint, 
and 

• for all i E I, there exist at most M indices j E I such that B{xj,5r{xj)) 
meets B{xi,5r{xi)). 

Moreover, there exist a collection of measurable functions {pc X -E [0,l]}jg/ such 
that 

• supppi C B{xi,2r{xi)), 

• YYiTi = lo (for each x E X the sum finite due to the third 

condition above). 

Now we can follow a simplihed version of the argument of Russ, which is essentially 
the argument of Coifman-Meyer-Stein with the partition of unity of Lemma 3.2 
replacing the use of the Whitney decomposition. 


Proof of Theorem 1.6, with q = oo. Suppose / G and for each k E T, define 

the set 

:= {x G X : A°°f{x) > 2^}. 

The sets are open by lower semi continuity of A°°f (Lemma 1.1), and the function 

/ is essentially supported in \ T{0^~^Y- Thus we can write 

(«) / = E lr(o'“)\T(o''+i)/- 


Case 1: /i(X) = oo. In this case we must have < oo for each k E "L, 

for otherwise we would have \ \A°°f\\];^p(^x) — thus / ^ Hence for each 

k E Z there exist countable collections of points {x^ji^jk C and measurable 
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functions {iPi}i(zjk as in Lemma 3.2. Combining (41) with 
T{0^) C X M+, we can write 


EE V^^(2/)lT(o'=)\r(o'“+i)(l/) t) 

kez i£ik 

fcez i£ik 

Note that 


lofc and 


(42) < esssup |/(|/, t)| < 2^+^; 

{yMno>=+^) 

we shall pause to prove the second inequality. Since is a Lindelof space, there 
exists a countable set J such that ^)'^ = Ui6jr(a;i), where Xi G (0*'+^)^ for 

each i ^ J. For each i E J choose a null subset Ni C r(a;j) with \f{y,t)\ < A°°f{xi) 
for all {y,t) e r(a:i) \ Ni. Then \f{y,t)\ < 2^+^ on T{0^+^) \ UjgjiVi, which proves 
the second inequality of (42).^ 

Dehne 

where Bf := B{x’^, 14r(xf)). We claim that is a T^’°°-atom associated with the 
ball Bf. The estimate (42) immediately implies the size condition 

so we need only show that of is essentially supported in T{B^). To show this, it is 
sufficient to show that if y G B{x^, 2r{x^)) and d{y, {O^Y) > t, then d{y, {B^Y) > t. 
Suppose 2 ; ^ B^ (such a point exists because y{B^) < y{X) = cx)), e > 0 and u ^ 
such that 

d{xY u) < d{xY {OYY +£ = I0r{x^) + £. 

Then we have 

d{y, z)+e> d{z, x\) - d{xY y) + £ 

> I2r{xi) + £ 

= 2r{x\) + 10r{x^) + e 

> d{y,Xi) + d{Xi,'^) 

> d{y,u) 

>t, 


where the last line follows from u ^ and d{y, {O^Y — Since 2 ; ^ Bf and e > 0 
were arbitrary, this shows that d{y, {B^Y ^ t a.s required, which proves that is 
a TP’°°-atom associated with i?f. 

Thus we have 

f(v, *) = E E 44. 

kez ieik 


where 

= 2^+V(5f)^/^. 
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I thank the referee specifically for pointing out the need for this argument. 
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It only remains to show that 




11 / 11^.00 


We estimate 

(43) 

(44) 


EEI^.‘’I’' = E2“*‘’’’E#‘(A‘’ 

fcgz ie/* fcez i^ik 


<^2l‘+‘l»^^(B(i‘,r(4)/4)) 

fcez 

S P y] /" e X : A°°f{x) > t}) dt 

= II^°°/IIW) 


'J^p,oo 5 


using doubling in (43) and pairwise disjointness of the balls B{x\,r[x^)/A) in (44). 
This completes the proof in the case that p{X) = oo. 

Case 2: p{X) < oo. In this case we may have = X for some /c G Z, so we 
cannot apply Lemma 3.2 as before. One can follow the argument of Russ [22, page 
131], which shows that the partition of unity is not required for such k. With this 
modihcation, the argument of the previous case still works. We omit the details. □ 
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